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Abstract In this paper the effect of a small dissipation on waves is considered to find the exact solution to
the dissipative Compound Kortewegde Vries Burgers equation (DCKdVB) in the presence of viscosity and in
the absence of viscosity. With the help of the canonical form of Abel equation it is proved that the DCKdVB

equation is integrable in terms of Weierstrass’ elliptic functions.
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1 Introduction
In this paper we consider the well-known compound Korteweg-de Vries-Burger (CKdVB) equation.

g + putly + quiuy + rigy — Stgze = 0, (1.1)

where p, q, r, s are all real constants. This equation is actually a combination of the KdV, mKdV and Burger
equations, involving nonlinear dispersion and dissipation effects. For the different choices for p, ¢, r, s we can

find different well-established differential equations.

Forp#0, ¢#0, r =0, s # 0; the (1.1) reduces the compound KdV equation as

g + puty 4+ quiug — Stgee = 0, (1.2)
For p=0, ¢ #0, r #0, s # 0; the (1.1) reduces the mKdV-Burgers equation as

Ut + qUPty + TUgy — Stzge = 0, (1.3)
For p#0, ¢g=0, r #0, s # 0; the (1.1) reduces the KdV-Burgers equation as

Up + pully + gy — SUzge = 0, (1.4)
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For r =0 in (1.3), (1.4), we get the mKdV equation as
up + quPty — Stgg, =0, (1.5)

and KdV equation as
U + pully — SUggy = 0, (1.6)

N. A. Kudryashov [16] worked on KdV (1.6) KdV-Burgers equations (1.4) and established some new travelling
wave solutions of these equations. Zhaosheng Feng [5] obtained a new class of solutions of the Kortewegde
VriesBurgers equation(1.4). Zheng et. al [17] have also obtained some new Exact Traveling Wave Solutions
for Compound KdV-Burgers Equations (1.1) in Mathematical Physics. Stefan C. Mancas, Greg Spradlin, and
Harihar Khanal [12] have solved for Weierstrass traveling wave solutions for dissipative Benjamin, Bona, and
Mahony(BBM) equation

Up + Uy + UUg — Uggt = VUgy

where v is a transformed kinematic viscosity coefficient. A generalization to the equation(1.1) by adding a
dispersion term is provided by the equation

Ut + butly + QUQUI + Uy — SUgge = YUy, (17)

where -y is a real constant parameter, describes the unidirectional propagation of shallow water waves over a flat
bottom (see[11]). The equation (1.7) is named as dissipative Compound Kortewegde Vries Burgers equation
(DCKdVB).

2 General solutions of the DCKdVB equation in the travelling wave

We first present the general solution of the DCKAVB equation by using the travelling wave in Eq. (1.7).
u(z;t) = u((); ¢ =x — ct is the travelling wave variables and ¢ # 0 is the translational variable.

Then by considering ' = d% (1.7) becomes

—cu' + pur’ + quiu’ +ru’’ — su" =y

Integrating and simplifying,

1
WS+ (= u® - Zu 4 A] =0, (2.1)

where A is an integrating constant. To solve (2.1) we first state and prove the following lemma and using this
lemma we will establish the solutions for the equation (2.1) in the form of travelling wave.

Lemma 1 Solutions to a general second order ODE of the type

Uce + Go(u) + q2(u) =0 (2.2)
can be establish via the solutions to first kind of Abel’s equation

dy _

o= qo W)y + g2 (u)y®, (2.3)

and vice versa by using the relationship uc = n(u(Q)).
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Proof Since u¢ = n(u(¢)), we have uce = g—ZuC = ng—z.
Then (2.2) reduces to the second kind of Abel’s equation

nd +qo(u)n + g2(u) =0, (2.4)
Let us take a transformation of the dependent variable as n(u) = ﬁ So the equation (2.4) becomes
d
% = qo(w)y® + g2 (w)y’,
which is (2.3). By comparing (2.1) and (2.2),
r 1 Do q 3
= —— = — — = i A 2.
wi) =L, arw) = Ly 4 u— Lt~ Dt 4 4] (25)
Again let us consider the linear transformation, v = [ go(u)du = —Zu. Then (2.3) transformed into
dy
= 2.5
Wy 4 o)y’ (2.50)
where g(v) = 7(7;57;)5 + 5 s20% — 3L 5%0% — 2 is known as Appell’s invariant. Now the Lemke’s transformation,
_1ldz
= 2.5b
y=-—" (2.5b)
transformed the equation (2.5a) into a second-order differential equation
d*v
Z o5 +9(v) =0 (2.5¢)
2.1 No viscosity, r =0
In this case the equation (2.3) becomes Z—Z = q2(u)y?, which reduces in the form by using (2.5)
y3dy = L[(c+7)u — Bu? — 2P + Aldu
Integrating and using the rclations n(u) = y(u) and ue = n(u(¢)), we have
o 1 2 P 3 44
u; = =[—=(c+y)u” + Ju’ + “u” — 2Au] - 2D, (2.1.1)
s 3 6
where D is an integrating constant. This equation can be written as
du\* g o p o5 (y+e) , 24
LY L P — 2 —2D = R(u), 2.1.2
(dC) el + 35U U s (u), say ( )
Let us consider the equation
df \*
(dz) = aof* 4 4a1 f> + 6as f? + dasf + as = R(f).

This equation can be solved in terms of Weierstrass elliptic function g (see[15]) as

R'(fo)
4p(2; 92,93) — iR"(fo)]

where prime denotes the derivative w.r.t f and fy is a simple root of R(f). The invariants go, g3 of p(2; g2, g3)

f(z) = fo+

are given by

go = agay — 4ajaz + 3a§

119



Tamralipta Mahavidyalaya Research Review
A Peer Review National Journal of Interdisciplinary Studies

Vol.2:2017 Online ISSN:

g3 = apaiay + 2aiaza3 — a3 — agai — a3ay and the discriminant is A = g5 — 27¢3.
Thus the solution of (2.1.2) is,

R (uo)
4[p(C; g2, 93) — 57 R (uo)]

u(C) = up +

where uo is a simple root of R(u). Invariants are

g2 = + p 652 + 123
_ pA _ _
93 = 15z + 7255 T 21653 2453 T 7257

discriminant, A = g3 — 27¢3.
When ¢ = 0, (2.1.1) reduces to

1
uf = ;[—(c—|— y)u? + §u3 — 2Au] — 2D,
Let us consider the special class of solutions that travel with a critical speed ¢ = —~.

If c= —v and A = 0, then the equation (2.1.2) becomes

du\ 2 3 p3 B3
(“) _pu3_2D:p(u+>,whereD=65p, B#0

d¢ 3s 3s \ 3 3
Now let us take the transformation 2 = B + u, where = ({). Then (2.1.4) becomes
2 _ B)B BS D
a0t = 2 (v = 2= T (y*—3¢?B + 3B
v 3s< 5ty )on W= gy, (VT -3t B 3B

Again we assume that ¢ = 31v/Bz(¢). Then (2.1.5) becomes

\/7 4 \/3,2
2\[ z V322 +1

The ordinary differential equation (2.1.6) is solved by using Jacobi elliptic functions (see[12]).

Using Jacobi elliptic function, (2.1.6) gives

=+5n (3@C, k)» where k = Y3l — modulus of Jacobi elliptic function.
44/s

1—&-22 - 22
e JPB
T 3i\/§(1+£) +5n (31\/§<’k)

a? 2
By solving the above quadratic equation we have,

or. 22 _ Lgp (arg k) where a = 3ivB

14 Cn (a%Qk)
Sn (a\/%g,k)

Hence, the solution to the equation (1.7) without viscosity is

= +a

1+Cn (a
Sn?(a-Y=

u(m,t):w2—B:a2[

owm
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(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)
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Fig.1. Traveling waves 7 = 0 with B = 0.25, p = 0.25, s =1, left v = 0.2, middle v = 4.5 and right v = 9.5,
Eq. (2.1.8).

2.2  Viscosity present, r > 0

The equation (2.5a) is in the form of non-autonomous ordinary differential equation F(y, y,,v) = 0. Since v(z)
has only poles of order two, then the solution of the equation (2.5¢) must be obtained in terms of Weierstrass

p functions (see[14], p-431) via the transformation
v=Ew(z)+ F (2.2.1)

By substituting (2.2.1) in the equation (2.5c) with E, F' constants, then for p = %, w(z) will satisfy the elliptic

equation
w? = 4w® — gow — g3 (2.2.2)
where go, g3 are invariants. Since % = _y% and v(¢) = —Zu(¢), we have
d
Y _Ta (2.2.3)
z s

The Weierstrass g solutions can be written into the combined general substitution

u(¢) =a—g(¢) =a—e () (2.2.4)
where a and m are constants related to A and p. Substituting (2.2.4) into the equation (2.1),
r « +c lo% a?
g”—g’—qgs+(p+q)g2+<7—p—q)gzo (2.2.5)
s 3s 2s s s S s
here we consider
A=—(y+c)a+ gaz + %oﬁ (2.2.6)

From (2.2.4) we have g(¢) = e~™¢®((), therefore ¢'(¢) = e~™¢(®' —m®) and g”(¢) = e ™ (®" —2md' +m2®).
Hence (2.2.5) becomes

2
@~ (2m+ D) @' (m2 Lrm ate po qa) o 3i€*2m4<p3 _ (2£ + 1Y emigt (207)
S S S S S S S S

We now consider ®(¢) = w(z(¢)). By using the chain rule with ' = d% and * = 4L we have

P'(¢) = w*2' and
(I)H(C) — w**z/Q + ’LU*Z/'
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Therefore the equation (2.2.7) becomes

2
22w 4 [Z” — (Qm + f) z’] w* + <m2 pmyate pa qoz) w= Lem2mCys (2 + %) e q?
s s

s s s 3s 2s s
(2.2.8)
By setting
P (2m + f) 2 =0 (2.2.9)
s
we get
2 = cre(2mti)e (2.2.10)
where ¢; is an arbitrary constant. Again if we choose
2
m2y Mmoo yte pa gat (2.2.11)
s s S s
then the equation (2.2.8) reduces to the following simplify equation
2 **_17277143 (£ @) —m( 2:0 29212
2w 35¢ w 53 + S)e tw (2.2.12)
The equation (2.2.12) can be make a more simple by choosing ¢ = 0 and it reduces to
2w 236*7"%2 =0 (2.2.13)
s

Our aim is now to solve the differential equation (2.2.13) with the help of (2.2.10) by setting m = —2Z. There-
fore the equation (2.2.13) becomes

2r 2
clessSuw™ = —Lesslw?
S
*% _ _ D 2 __ 2 2 _ _ P
or, W = —g Fw” = 6w* where cf = — 157
Integrating above equation we obtain
w*? = 4w® — g3 (2.2.14)

where g3 is an integrating constant. Solution to the differential equation (2.2.14) is given by in terms of
Weierstrass p function as
w(z) = p(z +¢3,0,93) (2.2.15)

with invariants go = 0 and g3. Here c3 is an arbitrary constant.
Now the solution to the differential equation (2.2.10) is

Hcyrs

2(() = e+ ——e¢ (2.2.16)

where ¢, is an integrating constant. Hence we have with ¢4 = ¢3 + ¢3

5c1s

®(¢) = w(2(¢)) = plea + ——€%,0,g3) (2.2.17)

r

Since here ¢ = 0 and m = _%
A=—(y+c)a+ ba?
Hence we have

r
s 25 s

the equation (2.2.11) becomes o = % [7—1—0— Qﬁ} and (2.2.6) reduces to

+ 4/ 24+ 2pA
g YreEV 2 (2.2.18)
p
Therefore the general solution to the differential equation (2.2.2) is

+ 4/ 24+ 2pA r 5 -
u(() =a—g(¢) = yte (7p+ o) +2 — G%C@(C4 + %eﬁC,O,gg) (2.2.19)

122



Tamralipta Mahavidyalaya Research Review
A Peer Review National Journal of Interdisciplinary Studies
Vol.2:2017 Online ISSN: 2456-1681

By setting a particular value for the velocity ¢ and the other parameters, we obtain o and A and substitution

of these values in the equation (2.2.19) gives the solution of the differential equation (1.7).
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Fig.2. Solution for r =1 with A =1, p=0.25 s=1 v=0.5, ¢4 =05, ¢4 =1, g3=1, left ¢ = 0.25,
middle ¢ = 1.0 and right ¢ = 2.4, Eq. (2.2.19).

Fig.3. Solution for r =1 with A=1, p=0.25, s=1 v=0.5, ¢ =05, c4s =1, g3=1, left c=3.5 and
right ¢ = 4.5, Eq. (2.2.19).

3 Conclusions

In this paper we considered Compound Kortewegde Vries Burgers equation(CKdVB)and introduced the dissi-
pation term and finally we got the dissipative Compound Kortewegde Vries Burgers equation (DCKdVB). With
the help of the canonical form of Abel equation it is proved that the DCKdVB equation is integrable in terms of
Weierstrass’ elliptic functions. We solved this equation in two ways (i) when the viscous term is not present(i.e,
r = 0) and it has traveling wave solutions which depend critically on the traveling wave velocity. (ii) When the

viscous term is present(i.e, 7 > 0) and we solved it with the help of Weierstrass’ elliptic functions.
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